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Exact Solitary Wave Solutions to a Class of
Generalized Odd-Order KdV Equations

Z. J. Yang'?

Received July 7, 1994

Using a proper ansatz, we have obtained a series of exact solitary wave solutions
to a class of generalized odd-order KdV equations.

The generalized odd-order KdV equation of the form

U, + Bluaux + A Bnu(?.n—l)x = (1)
where B; (i = 1, 2, 3, ..., m) are real numbers, has been widely used in the
physical sciences (Johnson, 1980; Drazin and Johnson, 1989; Sachdev, 1987;
Newell and Moloney, 1992; Kakutari and Ono, 1969; Kawahara, 1972; Yoshi-
mura and Watanabe, 1982; Dai, 1982; Hereman et al., 1986; Hereman and
Takaoka, 1990; Hooper and Grimshaw, 1988; Ma, 1993). Looking for travel-
ing (and/or solitary) wave solutions to this equation has been an important
topic for several decades. By introducing an ansatz equation, we have obtained
a new class of solitary wave solutions to this KdV equation. These results
and examples of possible applications are presented in this paper.

For the traveling wave solution to the above KdV equation the vari-
able transformation

E=x—ct 2)

where c is the speed of the traveling wave, may be used. Thus, equation (1)
is transformed to

—cu' + Butu' + Y Bu® N =0 3)
n=2
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Let us consider the following ansatz (Yang, 1994):

du 2112
- = _ |4
d_‘é =u vbu[l (a) ] (4)

where v, a, and b are real numbers, and v > 0. Through integration, we
obtain the solution as

u(€) = a sech*(b€ + co) (5)

Thus, we have

2/v
u = vbzu[v - v+ 1)(5) ]

2/
-b ,
T = (wa)™)” [v mer D(E) ]“
2
" = bZ[v2 -+ D+ 2)(5) ]u’

2/v
-b? u
@ = -7 3 _ + PAY
u (1= (da)? " [v 2+ DR +2v+ v )(a)

4/v
+ @+ D+ 2+ 3)(g> ]“’
2y
4 = b4[v4 -2+ Dy +2)2 + 2v + vz)(g)

4fv
+(+ D+ 2@+ D+ 4)(5) ]u’

-5 u 2/
© = 9 5 _ 2 N E
u [1 — (a2 [V v+ D@+ 2v + v + 6v + 3v )<a>

_4/v
F W+ D@+ 2@+ 320 + 120 + 3v2)(g)

6/v
— @+ D+ 2@ + D+ H + 5)(3) ]u
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2/v
um=b{ﬁ~0r+Mv+b@+2v+ﬁWL+®+3ﬁ(3
4/v
+@+n@+m@+$@+4mo+uv+w%9
%W
J«

6/
—@+n@+m@+$@+@@+$@+®e>

It is easy to see that all high odd-order (=3) derivatives of u can be expressed
as a product of u’ and a (pseudo-)polynomial of #?”, i.e., in the form

u(zn_l) = f;‘l(u)u’; n = 1’ 2a 3’ R 4 m (6)

where f,(u) are the (n — 1)th-order (pseudo-)polynomials of #**. Substituting
these expressions into equation (3), we have the equality

—c+ put 4 3 B =0 )

Setting all of the coefficients of the 4% polynomials to zero, we can determine
the values of a, b, and v (as well as ¢ for n = 3), and the relationships
between the B, i = 1, 2, 3, ..., m) for n = 4, under which equation (1)
has the solitary wave solution described by equation (5). We now consider
some possible examples of these results for different values of m.

Example 1. For m = 2, equation (7) can be written explicitly as

20
&w—c+&wbtwv+n@+me)]so ®)

Let v = 2/a; then we have the system of equations
c — Bb? =
By — B (v + D(v + a @ =

The solutions to these equations are

a=F@+nm+mT“
284

C(xz 172
b=+
%)
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Example 2. For m = 3, equation (7) can be expressed explicitly as

2/
B — ¢ + szz[vz -+ D+ 2)(%) ]
2
+ [331)4[1;4 —2w+ D + D2 + 2 + ﬂ(ﬁ)

4fv
+ @+ D+ 2w+ I+ 4)(&) ] =0 )

Let v = 4/a; then we have the system of equations
c — BV — Bibt =0
B + 2B:’2+2v + 1) =0
B, +Bsb* v+ Dw+2)(v +3)(v +4)a =0

The solutions are

i

a

[—B%(a + D + 2)Ga + ) + 4)]”"‘
28133(8 + 4(1 + 62)2

__.aZBZ 172
b=+
[4[33(8 ¥ do + aZ)J

_ —4B¥(a + 27
€T BB T da + o2

Example 3. For m = 4, equation (7) has the form

2y
Bus —c + szz[vz —w+ D+ 2)(2‘;-) ]
2/v
+ B3b4[v4 —2v+ D+ 2)2 + 20 + vZ)(g)
4/v
+ @+ D+ D+ D + 4)(%) ]

2
+ B4b6[v6 -+ D +2)4 + 2v + vHE + 6v + 3v2)<§)
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4/v
++ DO+ 2@+ 3 + 920 + 12v + 3v2)<§)

6/v
—(v+ DY+ 2@+ 3N+ )y + 5+ 6)(5) :l = 10)

Let v = 6/a; then we have the system of equations;
C‘sz22_33b44‘“34b6 =0
By + 2802 + 2+ 1) + Bh4 + 2+ vH4 + 6v + ) =0
Bs + B0+ 12v + 3vH) =0
Bi — B+ D@+ D@+ +HW +5)v+6)a>=0
Under the condition
ByB4(27 + 18a + 5a2%)% = B3(243 + 324a + 162a* + 360’ + 4a*)

we obtain the solution as

[—9Bg(a + Dia + 2)a + 3)Qa + 3)(5a + 6)a + 6)]"“
88,8227 + 18x + 507

>
|

2 172
= + —aBs
"[4[34(27 + 18a + Saz)]

—9B3(9 + 9a + 207
BI27 + 18a + 502

c =

This is a general solution to the seventh-order KdV equation for an arbitrary
real number a [the result for « = 1 was recently obtained by Ma (1993)].

Now, we present the “general” solutions to equation (3) for any given
m = integer. Letting v = 2(m — 1)/a, through some calculation we obtain
the equation system

m
c — 2 Bnb2(n—l)v2(n—1) =0
n=2

M=

, Bnb2(n—2)8n_2(v) =0

n

3

A Bnb2<n_3)§n~‘3(v) = 0

=
I
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2 B On,4() = 0

25 B9, _s(v) = 0

2(m—1)

B~ Bub*ae [ w+m=0
n=1

where the {3}, (£}, {m}, and {{}, etc., are defined by the recursion formulas

% =E=mg=L=-"=1
Sp1(w) = V2D + (v + 2)%,, n=012....,m-—1
£(v) =8, + (v + X, n=01,2,...,m-2
Nue1(¥) = &1 + (v + 6)’m,, n=0,12,...,m—3

(V) = Mt + (v + 8YL,, n=012..,m—4
' (1D

If « and {B} are given, it is straightforward to find the nonzero (nontrivial)
solutions to this equation system.

The same procedure can in principle be used to solve the more gen-
eral equation

U+ D Yulhn—1ye = 0 (12)
n=1
where v;(w) (i = 1, 2, 3, ..., m) are polynomials of u. The counterpart
equality of equation (7) is in the form
—e+ 2 vlfiw =0 (13)
where fi(u) (i = 1, 2, 3, ..., m) are defined by equation (6). Once vy;(1)
(i=1,2,3,..., m)are given, the solutions, in the form of equation (5),

can be straightforwardly obtained.

With a series of straightforward algebraic calculations, it is possible to
obtain solutions to higher-order generalized KdV equations. Furthermore, the
one-dimensional solution can be generalized to two- and higher-dimensional
solutions by a standard technique (Drazin and Johnson, 1989).

In summary, using a proper ansatz equation, we have obtained a class of
the exact solitary wave solutions to the generalized odd-order KdV equations.
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